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In this paper, we consider two different issues, stability and strong coupling, raised lately in the 
newly-proposed Horava-Lifshitz (HL) theory of quantum gravity with projectability condition. We 
find that all the scalar modes are stable in the de Sitter background, due to two different kinds of 
effects, one from high-order derivatives of the spacetime curvature, and the other from the exponen- 
tial expansion of the de Sitter space. Combining these effects properly, one can make the instability 
found in the Minkowski background never appear even for small-scale modes, provided that the IR 
limit is sufficiently closed to the relativistic fixed point. At the fixed point, all the modes become 
stabilized. We also show that the instability of Minkowski spacetime can be cured by introducing 
mass to the spin-0 graviton. The strong coupling problem is investigated following the effective field 
theory approach, and found that it cannot be cured by the Blas-Pujolas-Sibiryakov mechanism, 
initially designed for the case without projectability condition, but might be circumvented by the 
Vainshtein mechanism, due to the non-linear effects. In fact, we construct a class of exact solutions, 
and show explicitly that it reduces smoothly to the de Sitter spacetime in the relativistic limit. 

PACS numbers: 04.60.-m; 98.80.Cq; 98.80.-k; 98.80.Bp 



I. INTRODUCTION 



Properly formulating the theory of quantum gravity 
has been one of the main driving forces in gravitational 
physics over past several decades Ji] . Although there are 
several very promising candidates, including Loop Quan- 
tum Gravity and string/M theory it is fair to see 
that our understanding of it is still very limited. Horava 
recently proposed another alternative motivated by 
the Lifshitz theory in solid state physics Q, for which it 
is often referred to as the Horava-Lifshitz (HL) theory. 
It has various remarkable features, including its power- 
counting renormalizability 6] , the divergence of its effec- 
tive speed of light in the ultra-violet (UV), which could 
potentially resolve the horizon problem without invoking 
inflation j| . Scale-invariant super- horizon curvature per- 
turbations can also be produced without inflation |8l-[l3| , 
and dark matter and dark energy can have their geo- 
metric origins [l^ . [Tsj . Furthermore, bouncing universe 
can be easily constructed due to the high-order derivative 
terms of the spacetime curvature 16l-[l8|. For detail, we 
refer readers to [l^ and references therein. 



made of a^, where 



Despite all of these attractive features, the theory 
plagues with two seriousproblems: the instability of the 
Minkowski background pi [ill [2(]| - |22| . and the strong cou- 
pling [23-27]. To solve these problems, various modifica- 
tions were proposed [28,^9]. In particular. Bias, Pujolas 
and Sibiryakov (BPS) 30] found that inclusion of terms 
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a, = aan(iV), 



(1.1) 



can cure the instability of the Minkowski background, 
where N is the lapse function. Of course, this is possible 
only for the version of the HL theory without projectabil- 
ity condition. Otherwise, N depends only on time, and 
fli vanishes identically. By properly choosing the cou- 
pling constants, the stron g co upling problem can be also 
addressed in such a setup |3l| . The main idea is to intro- 
duce two energy scales, the UV cutoff scale M* and the 
strong couphng scale A^. If M* is low enough so that 



Af* < A. 



(1.2) 



then the linear perturbations become invalid before A^ 
is researched, so that the strong coupling problem does 
not show up at all [cf. FigIS]. Applications of the BPS 
model to cosmology were studied recently in [32-34], 
while spherically symmetric spacetimes were investigated 
in [355. However, a price to pay in such a setup is the 
enormous number of independent coupling constants. It 
can be shown that only the sixth-order derivative terms 
in the potential are more than 60 [23|. It should be also 
noted that giving up the projectability condition often 
causes the theory to suffer the inconsistence problem [s^ . 
However, Kluson recently showed that the Hamiltonian 
formalism of the BPS model is very rich, and that the 
algebra of constraints is well-defined 

On the other hand, Sotiriou, Visser and Weinfurtner 
(SVW) generalized the original version of the HL the- 
ory to the most general form by giving up the detailed 
balance condition but still keeping the projectability one 
[2ll |. In the SVW setup, the inconsistence problem does 
not exist, and the gravitational sector contains totally ten 
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coupling constants, G, A, 5, Qi {i = 2, 3,..., 8), where G 
and A denote, respectively, the 4-dimensional Newtonian 
and cosmological constants, ^ and g^s are other coupling 
constants, due to the breaking of the Lorentz invariance 
of the theory. Although the Minkowski background is 
still not stable in such a setup [HlUll, de Sitter spacetime 
is [l^. Therefore, in such a setup, one may consider the 
latter as its legitimate background, similar to what hap- 
pened in the massive gravity [11] ■ Moreover, the SVW 
setup also faces the strong coupling problem [2^. Re- 
cently, Mukohyama showed that this problem could be 
solved by the Vainshtein mechanism [39|, at least as far 
as the spherically symmetric, static, vacuum spacetimes 
are concerned 



In this paper, our purposes are two-folds. We first 
generalize our studies of [1^ to include high-order deriva- 
tive terms, whereby we show explicitly that all the scalar 
modes, including the short-scale ones, are stable in the 
de Sitter spacetime, by properly combining two different 
kinds of effects, one from high-order derivatives of the 
spacetime curvature, and the other from the exponential 
expansion of the de Sitter space. This is done in Sec. 
II. Second, we systematically study the strong coupling 
problem by following the effective theory approach (4ll |. 
and show clearly that the BPS mechanism for solving the 
strong coupling problem originally invented in the case 
without projectability condition cannot be applied to the 
SVW case with projectability condition. This is consis- 
tent with the results found by BPS using the Stiickelberg 
trick mull. This is done in Sec. III. In Sec. IV, we con- 
struct a class of non-perturbative cosmological solutions, 
and show that it reduces smoothly to the de Sitter space- 
time (with rotation) in the relativistic limit. This implies 
that the spin-0 graviton indeed decouples in the IR limit 
and does not cause additional problem, once nonlinear ef- 
fects are included, a similar situation also happens other 
theories, such as the DGP model 44] ^. This can be 
considered as the generalization of Mukohyama's analy- 
sis of the spherical case to the cosmological one. In Sec. 
V, we present our main conclusions, and shown that the 
Minkowski spacetime can also become stable by intro- 
ducing mass to the spin-0 graviton. 



^ It should be noted that, ahhough in both theories it is the non- 
hnear interaction that makes the theories consistent with ob- 
servations, there is a fundamental difference between them: the 
DGP model represents the modification of general relativity in 
the IR, while the HL theory modifies general relativity mainly 
in the UV. So, the coupling of the scalar graviton in the DGP 
model is of order one, and the non-linear effects help to screen 
its coupling to external sources. In the HL theory, on the other 
hand, the scalar graviton is self-interacting, and it is this interac- 
tion that leads to the strong coupling problem. See the analysis 
carried in Sec. III. 



II. STABILITY OF DE SITTER SPACETIME 

To start with, in this section we shall first give a brief 
introduction to the SVW setup, and then consider linear 
perturbations in the de Sitter background. 

A. The SVW Setup 

Sotiriou, Visser and Weinfurtner (SVW) formulated 
the most general HL theory with projectability condition 
but without the detailed balance [21|. Writing the 4- 
dimensional metric in the ADM form, 

ds^ = -N^c^dt^ + g,j (dx' + N'dt) [dx' + N^dt) , 

(z, J = 1,2,3), (2.1) 

the projectability condition requires that 

N^Nit), N'=N\t,x), g,,^g,j{t,x). (2.2) 

Note that in [ll|, [ll, |4^ , the constant c, representing the 
speed of light, was absorbed into N. The ADM form (|2.ip 
is preserved by the types of coordinate transformations. 



(2.3) 



Due to these restricted diffeomorphisms, one more degree 
of freedom appears in the gravitational sector - a spin- 
graviton. This is potentially dangerous, and needs to 
decouple in the Infrared (IR), in order to be consistent 
with observations. Similar problems are also found in 
other modified theories, such as the massive gravity [i^ . 

Then, it can be shown that the mo st g eneral action, 
which preserves the parity, is given by 



S = C^ j dtd^xN^ {Ck - C\ 



(2.4) 



where g = det , Cm denotes the matter Lagrangian 
density, and 

Hk = X,,if^^-(l-0^', 

+^ (.94i?^ + g^R R,jR'' + geR]RlRi 

+ ^ [grRV^R + gs {V^R,k) [V'W'')] , (2.5) 

where (^^ — I/IGttG, and the covariant derivatives and 
Ricci and Riemann terms are all constructed from the 
three-metric gij, while Kij is the extrinsic curvature, 

K^, = ^ (-5y + V,iV, + V,iV,;) , (2.6) 

where Ni — gijN^ . In the IR limit, all the high order 
curvature terms (with coefficients g^, i — 2,..., 8) drop 
out, and the total action reduces when ^ = to the 
Einstein-Hilbert action. 
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B. Linear Perturbations in de Sitter Background 

With the conformal time 77, the de Sitter spacetinie is 
jiven by ds^ = a?{r]) {—drj^ + Sijdx'^dx^^ , where 0(77) — 
-\/{Hrj) = g-^*, and t denotes the cosmic time. 

Linear scalar perturbations of the metric are given by 



5Ni 



Choosing the quasi-longitudinal gauge 



(2.7) 



(2., 



we find that the two gauge-invariant quantities defined 
in [ll| reduce to, 

<^ = 'HB + B', ^^tp-HB, (2.9) 

where Ti = a' /a = —1/?/, and ^ and B are given by (loj 



(2-3^)Vfe' = -^fc'S, 



in the momentum space, where 



2 l2 



= |c^| k 



-1 



(2.10) 
(2.11) 



(2.12) 



with 4 = C/(2- 30 and 



Ma 
Mb 



Mr, 



[2(852 + 353)] 
Mpi 

[4(857 - 358)] 



1/2 ' 



1/4- 



(2.13) 



Clearly, to have Ma and Mb real, we must assume that 



852 + 353 >0, 857- 358 >0, 



(2.14) 



conditions we shall take for granted in the rest of this pa- 
per. Note that in writing the above expressions, we had 
assumed that C ^ 0- When ^ = the corresponding so- 
lutions are stable, as shown in [l^, so in the following we 
shall not consider this case any further, and concentrate 
ourselves only to the case ^ < 0. Then, from the above 
one can see that the studies of stability of the de Sitter 
spacetime reduces to the studies of the master equation 
(|2.1ip . Once 4'k is known, from Eq. (|2.10p one can find 
Bk- Then, the gauge-invariant quantities $fe and '^k can 
be read off from Eq. (|2.9p . From the latter one can see 
that the properties of $fc and are uniquely determined 
by ■0fc. In particular, if tjjk is not singular, so are and 
^'fc. Therefore, in the following we shall concentrate our- 
selves only on ^pk- 

To study the perturbations further, we notice that 
Ea. (|2.1ip is quite similar to an oscillator with a dissi- 
pative force J" pQ] . 



■ J^x + uj X = 0, 



(2.15) 



which has the general solution. 



(2.16) 



where ^ is a constant. When > 0, from the above ex- 
pression we can see that the free modes uj is exponentially 
damped. 

In the Minkowski background, we have a = Constant. 
Without loss of generality, we can set a = 1. Then, we 
find that J- = 0, and 



1). (2.17) 



Therefore, if the scale of a mode is large enough so that 
o;^ becomes negative, this mode is unstable. In particu- 
lar, without the high-order corrections, all the modes are 
unstable [ll[. This is quite similar to the Jeans insta- 
bility [13], for which there exists a characteristic Jeans 
length Aj = 1/kj, where when scales are smaller than 
the Jeans length, the modes are stable. When scales are 
larger than the Jeans length, they become unstable. The 
largest instability occurs at 



- 



Ml 



Vr* + 3 -I- r2 



(2.18) 



for which we have 



iOk{kM) 



. \c^ \ Mb I 4 



J33/2 



1/2 



(2.19) 



where 



Mb 
Ma 



(852-1-353)^ 
857 - 358 



1/4 



(2.20) 



The instability will grow significantly during a time t > 
tr = r^^, or in other words, for any given time to of 
interest, only when to < tr, the growth of the instability 
during to can be neglected. 

However, it is well-known that Jeans instability can 
be removed by Hubble friction in an expanding universe 
[13]. In the following we shall show that this is also 
true in the HL theory. In particular, in the de Sitter 
background, two important modifications occur: (a) For 
any given fc, oj^ is always positive at sufficiently early 
time, due to high-order corrections, as one can see from 
Eq. d^T^ . (b) The damping force J" [= -2/ry] is strictly 
non-negative and independent of H. When — > 0^ it 
becomes infinitely large. For short-scale waves, although 
the spacetime can be considered as locally fiat, the high- 
order derivatives can kick in at a very early time, if the 
UV cutoff scale is very low. As time increases, the damp- 
ing force becomes more and more important, and will fi- 
nally become dominant. Therefore, if the UV cutoff is 
sufficiently low, by combining these two kinds of effects. 
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one works in the IR (ry ~ 0~) and the other works in the 
UV (1 77 1 ^ 1), one might be able to stabihze the modes 
of both the short- and large-scales. To see that this is in- 
deed possible here in the HL theory, we first notice that, 
as the universe expands, a becomes larger and larger, 
and there exists a moment, say, 77c, at which w^(?7c) = 0, 
where 



Vcik) 



Hk (r2 + + 4) 



1/2- 



(2.21) 



From this moment on, the instability starts to develop 
until 1] — 0^, at which we have w^(0~) = — jc^j^/c^. 
Note that for the modes with k ^ kstaUe, we have 
iTjciHo) / tiqI < 1, that is, the instability of these modes 
has not occurred within the age of our universe, where 
rjo ~ ^Hq^ denotes the current conformal time of our 
universe, and 



'^stable 



1/2 
4) Mb. 



(2.22) 



Therefore, the only possible unstable modes that occur 
within the age of our universe are those with their wave- 
lengths A > Xstabie, where Xstabie = ^/kstabie- Howcvcr, 
if the UV cutoff scale M* is low enough, so that the ex- 
ponentially damping force kicks in before these modes 
become unstable, that is, if 



T{Tj)-2\ojk{v)\>0, {11 > Tic), 



(2.23) 



then these unstable modes will be stabilized, and never 
show up, where 



Setting 



X 



min{MA, Mb}- 



the condition (|2.23p can be written as 

D{X) = X^- 3bX + 2d > 0, 

where 



(2.24) 



(2.25) 



(2.26) 




(2.27) 



Fig. [T] schematically shows the function D{X), from 
which we can see that the condition (|2.26p holds when 



D{X^m) 



2M^ 



36 (d-f63/2)fcl2 

/ . 9 9 . 



3) = 



2\c^\'Ml 



> 0, (2.28) 



where Xm = Vb- This yields 



Mb < A 



where 



A 



stable 



H 

lev, I 



stable ; 



3/2 



(2.29) 



1/2 



(2.30) 

It is remarkable to note that the condition (|2.29l) does 
not depend on k. As a result, it is valid for any scale of 
modes. In particular, once it is satisfied, the short-scale 
modes become stabilized, too. Thus, for any given Mj^ 
and Mb , if ^ is sufficiently closed to its fixed point ^ = 
(at which one has = 0) ^, Agtabie becomes large, and 
the condition (j2.29p can be easily satisfied. At the fixed 
point ^ = 0, we have Agtabie = 00, that is, now for any 
given gi (or equivalently for any given Ma and Mb), all 
the modes, of large- and small-scales, are stable. 

The above can be further seen from the following lim- 
iting cases. First, when r ^ 1, we have 



(2.31) 



Thus, even H is taken to be the current Hubble constant 
Hq, Astabie cau Still bc large, as longer as is sufficiently 
closed to its fixed point = 0. 

When r ~ 1, on the other hand, we have 



A 



stable 



27 H 

5 |c^| 



, (r^l). 



(2.32) 



Once again, if ^ is sufficiently closed to ^ = 0, AstaUe will 
be large, and the condition Mb < Astabie can be satisfied 
for a given non-zero H. 

When r > 1, Eg. ip^ reduces to 



Ma < (r » 1). 

lev, I 



(2.33) 



Taking H = Hq , one can see that the conditions (|2.3ip - 
(|2.33p can be written as 



<0(1)^, 

\c^\ 



(2.34) 



which is equivalent to the condition that the instabil- 
ity found in the Minkowski background does not happen 
within the age of our universe [IB, ■ 

Note that, since the damping force always dominates 
when It^I <^ 0, even the instability develops, it always 
occur within the period, 771 < 77 < 772, and will be finally 



^ It should bo noted that cannot be too closed to zero. 



Oth- 



erwise, Cherenkov radiation will impose severe constraints. We 
thank Thomas Sotiriou for pointing out this to us. 




FIG. 1: The function D{X) defined by Eq.((228|. Note that 
only the half plane X > is valid, as one can see from 



stabilized by J", where rjc < rji < i]2 < [as can be seen 
from Fig. [5], where 771^2 are the two real and positive 
roots of D{X) — 0. Thus, for a given time interval of 
interest, if the instability happens in a sufficient short 
period and will not grow much, before the damping force 
takes over, then such an instability is still acceptable. 
However, the following results show that this is possible 
only for modes of short-scales. In fact, it can be shown 
that 



fc2 



cos 



261 



(2.35) 



where 6* e [7r/2, tt] and is defined as 



cos6' 



1 



9 



277J2 



,3/2 



■Ml, 



[r-^ + i)"'" \ 2 2|c^| 

(2.36) 

Clearly, to have a real 9, the denominator of Eg. (|2. 361) has 
to be greater or at least equal to the nominator, which 
is equivalent to Mb > ^.stable, where KstaUe is defined 
in Eq. (|2.29p . Since A77 c>c fc"^, one can see that, for any 
given ^, Qi and H , A77 — >■ 00 when fc^ — ^ 0. Thus, to limit 
the instability completely for any k, one needs to require 
that the condition Eq. (|2.29l) hold strictly. 

Fig. [3]shows the case where Mb > ^stable with a finite 
and non-zero /c, from which we can see that the mode is 
oscillating all the way down to Hrj = —0(10), and then 
grows a little bit, before it starts to decay. Since the 
decaying rate is very large (inversely proportional to —77, 
as one can see from Eq. (l2.16| ) where J- = —2/77), it dies 
away rapidly afterwards. 

Our above analytical analysis is further supported by 
the following numerical calculations. Let us first notice 



FIG. 2: The functions F = T^/{4H^) and G = -loI/H^ for 
different choices of /M\ and k'^ /Mg, where uio = \c^\k/H 
has been sent to one in all the cases. When k^ /M\ and k'^ /Mg 
are small, F ~ G — has two solutions rji and ri2 where rjc < 
7?i < »?2 < 0, as shown by the doted line. When k"^ /M\ and 
k"^ /Mg are large, F is always greater than G, and F — G — Q 
has no solution, as shown by the dash-dot line. The dashed 
line represents the case where F — G = Q has only one solution. 
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FIG. 3: The metric perturbation ij^k 



k^ /M\ and k*' /M% are very small, so that 



in the cases where both 
G = Q has two 

solutions 771 and 772 where rjc < rji < ri2 < 0, as shown in Fig. 
[21 It can be seen that i/ifc oscillates with almost a constant 
amplitude when H-q <^ 0, and then increases a bit, before it 
decays rapidly to zero, where we had chosen ci = C2. 



that — > — |c^|^ fc^ as Hrj . Then, the asymptot- 
ical solution of Eq. (|2.11| ) satisfies the equation. 



V'fc' - lev- 1 fc V'fc = 



(2.37) 



which has the general solution [l9[, 

tpk = ci(z-l)e'' + C2{z+l)e 
(3C - 2)z 



B 



C2e 



(2.38) 
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FIG. 4: The metric perturbation -i/'fe, defined by Ea. (l2.7p in 
the quasi- longitudinal gauge for different choices of cjo, with 
/M\ = and k'^/Mg = 0. In all the three cases we have 
set ci = C2. 

where z = |c^| krj — — (|c^| fc/iJ)e^^*. Clearly, they are 
all finite as Hr] — > 0^ (or t — > oo). In particular, Bk — > 
and V'fc — >■ C2 — ci in the IR limit Hrj — > 0^. Note the 
slit difference between the two constants ci,2 defined here 
and the ones used in [l^. Fig. |3]shows the function ipkiv) 
with different choices of a;o[= |c^| k/H], from which we 
can see that the larger luq is, the faster V'fc decays. That 
is, small-scale modes always decay faster than large-scale 
ones. 

To study the effects of the high-order curvatures, we 
gradually turn on the fourth- and sixth- order correc- 
tions. In particular. Fig. [5] shows the case where 
ujo = \c^\ k/H = 1 and fc-^/Af^ = 0, with three differ- 
ent values of the suppressed scale. Ma- From there one 
can see that, when Ma is small, the perturbation oscil- 
lates many times before it starts to decay. As Ma in- 
creases, the oscillating times becomes less and less. The 
same characteristics persist even for small values of ojq, 
as shown by Figs. Eland [71 The effects of the sixth-order 
term k'^/Mg are shown in Fig. HI 

In all the cases, the perturbations will finally decay 
exponentially for any given fc, as the damping force J- is 
independent of k and T + 2iu)k(rf) ^ JF — 2wo ^ 1 as 
77 — > 0^, since J-{0^) = 00. Therefore, for any given A; 
the perturbations always decay exponentially as 77 ~ 0~ 
or {t — >■ 00). 

III. STRONG COUPLING 

To understand the strong coupling problem, we shall 
restrict ourselves mainly to the perturbations in the 
Minkowski background, because such obtained results 
can be easily generalized to the de Sitter background 
[25j . Such a study also helps us to clarify some differences 
regarding to the strength of strong couplings, obtained 
recently in [25l-l27i [3l| . In addition, the treatment in this 



FIG. 5: The function ipk, defined by Ea. (|2.7l) for different 
choices of fc^/Ml with uo = 1 and k'^/Mg = 0. 
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k^M^'^.l .0, k'M-g'=0.0, m„=0.01 



- 


iiiiiil^ 


W 




-200 -150 -100 

Hn 

k^M^^=0.1,k''Mg''=0.0, m„= 


-50 C 

0.01 


> 




-200 -150 -100 

Hn 

k^M^^=0.01, k^M"". 




-50 C 
=0.01 


200 
> 
-200 





:uu r ^ — f I : 

-200 -150 -100 -50 



Hn 

FIG. 7: The function t/j^, defined by Eg. lpT)) for different 
choices of k^/M^ with ljq = 0.01 and fc^/Ml = 0. 
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FIG. 8: The function Vfc, defined by for different 

choices of k^^/Mg with coo = 0.01 and fc^/iW"! = 0.01. 



section can be applied to the HL theory both with and 
without the projectabihty condition. So, the conclusions 
obtained in this section are applicable to both cases. 

When the background is Minkowski, without loss of 
generality, we consider the metric perturbations [26j , 



N =1, 



s2C(*,-)5^^., N,=d,(3{t,x), (3.1) 



which lead, respectively, to the following second- and 
third-order actions, 



Mpi I dtd^x 



e 



j dt(fx\ C{dC}' 



(dC) 
3 



(3.2) 



A 



where A = d^di, and 



A/3 = --^C. 



(3.3) 



(3.4) 



Note that the above expressions can be easily obtained 
from the limit 77 — )■ oo , where r] is the coupling constant of 
the gradient term, 0^0', introduced in [30|, which should 
not be confused with the confornial time, used in the last 
section. In addition, in the Minkowski background the 
conformal time is identical to the cosmic time t. Then, 
comparing Eqs. p.ip and (12. 7p . we find that ( = —tp and 
l3 = a^B to the linear order of perturbations for a = 1. 

To consider the strong coupling problem, we first write 
the quadratic action 5^^) in a canonical form with unity 
coupling constants. This can be done by the coordinate 
transformations , 



t = at, 



I3x\ 



(3.5) 



which are allowed by the gauge freedom (12. 3p . where a 
and P are arbitrary constants. Choosing 



c 



c 



(3.6) 



Mpi |c^| ' a 

one finds that S'^^) given by Eq. p.2p can be written as, 

s^^^ ^ J did'x(c*^ + {dcyy (3.7) 

where (* = d(/di, while the cubic action S^^^ takes the 
form. 



5(3) = 



1 



A 



sc 



did^x- 



where 



A 



sc 



-Mpi lev, I a. 
-5/2 



(3.8) 



(3.9) 



Clearly, if one chooses a oc jcy,! , one finds that Ksc 
will remain finite when c^, — > 0. In the following we shall 

choose a — i jc^P'^^^ /2, so that ksc — Mpi. 

Requiring that the quadratic action 5'^) be invariant 
under the rescaling 41], 



i — ^ s 



(3.10) 



we find that Ji — J2 — Js- Without loss of generality, we 
can always choose 7^ = 1 {i = 1,2,3), so that Eq. p.lOp 
is identical to the relativistic scaling. Then, it can be 
shown that all the terms in the cubic action (13. 8p scale 
as s^, which means that these terms are irrelevant in the 
low energy limit, but diverge in the UV, so they are not 
renormalizable [4l|. This indicates that the perturba- 
tions break down when the coupling coefficients greatly 
exceed units. To calculate these coefficients, let us con- 
sider a process at the energy scale E, then we find that 
all the terms in the cubic action has the same magnitude 
as E, for example. 



did^ xC{dC) 



E. 



(3.11) 



Since the action is dimensionless, all the coefficients in 
p.8p must have the dimension E~^. Writing them in the 
form, 



A,; 



(3.12) 



where A,; is a dimensionless parameter of order one, we 
find that the lowest scale of A^'s is given by the last three 
terms in Eq. (|3.8l) and is of the order of Age- Translating 
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Ak 







1 


\ E 
Ak 











(a) 



(b) 



FIG. 9: The energy scales: (a) < M*; and (b) > M* 



it back to the coordinates t and x, the corresponding 
energy and momentum scales are, 



Ac 
Afc 



A 



sc 



a 
Asc 



(3.13) 



which are consistent with the rcsuhs obtained in [30|, |3]| 
by using the Stiickelberg trick (See also (25|), but slightly 
different from that given in . 

As Cjf, ^ 0, these scales vanish, indicating that strong 
coupling happens when is very small. For processes 
with momentum fc ^ Afc, the problem becomes strong 
coupling, and non-linear effects are important and must 
be taken into account. Mukohyama recently showed that 
these effects make the spin-0 graviton finally decoupled, 
and the relativistic limit ^ — )• in the IR exists for spher- 
ically symmetric, static, vacuum spacetimes [ioj . 

It must be noted that the above analysis is valid only 
for M, > Ak [cf. FigEJa)]. If 



A/. < Afc 



(3.14) 



which is the precise condition for the BPS mechanism to 
work [cf. Eq. ()1.2|) ]. then the high-order derivative terms 
become important before the strong coupling energy scale 
Ak reaches, and the above analysis is no longer valid [cf. 
Fig|9|b)]. Including the high order derivatives, one finds 
that the quadratic action becomes. 



M. 



pi 



dt(fx 



1 



(3.15) 



Depending on whether Alg < Ma or Mb > M^, the low 
energy behavior will be different. In the following, let us 
consider them separately. 



A. Mb < Ma 

In this case, we have — Mb- Then, we can see that 
the sixth-order derivative term will dominate the fourth- 
order one. If we consider a process at the momentum 
scale k > Mb, then the first and last terms in S^'^^ will 
be dominant. Using the coordinate transformation (j3.5p 
and the rescaling of = 7C, we first transform these 
terms to the ones with unit coefficients. It can be shown 
that this can be realized by choosing 



I3\ 1 



Mb 

Mr,, 



1/2 



(3.16) 



where /3 is arbitrary. Then, we obtain that 



did^x 



' Ml 



(3.17) 



and 



1 



A 



B) 
SC 

3 



did^x- 



P^MU{dc)' 



l-2|c^|^)CC'-2C*9.C?C 



with 



+3c^r + 



^(B) _ ^1 ,3/2 



(3.18) 



(3.19) 



The in 5^'^' represents the cubic terms coming from 
the high-order derivative corrections, such as fiC^d^C, 
and /2C^t?^Ci where fi and /2 are independent of and 
functions of the coupling constants g; only. As a result, 
the limit, — 0, of these terms always finite, and have 
no contributions to the strong coupling problem. In fact, 
it can be shown that these terms are either relevant or 
marginal (cf. the following analysis.). So, in the fol- 
lowing, without loss of generality we shall ignore them. 
Then, under the re-scaling. 



t 



(3.20) 



the first and last terms in the right-hand side of Eq. p.l7p 
are unchanged, while the second and third terms scale 
like and s~^, respectively. Therefore, these terms 
are relevant and super-renormalizable. Similarly, the first 
term in the cubic action S'^'^' of Eq. (|3.18l) scales as s~^^ 

while all the rest scales as s°, that is, the term C,{d^Y is 
relevant, while the rest, the second, third and fourth in 
are all marginal and strictly renormalizable. Thus, 
as the energy scale of the system changes, the amplitude 
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of these latter terms remain the same. That is, these 
terms are equally important at all scales of energy, pro- 
vided that the condition (|3.14|) holds. Since they are all 

suppressed by the dimensionless quantity A^^ , we can 
see that in the present case the problem becomes strong 
coupling when is very small, unless A^^' > 1, which 
is equivalent to. 



MB<Mpi\c^f^\ 



B. Mb > Ma 



(3.21) 



When Mb > Ma, we have = Ma- Then, the 
fourth-order derivative term in the quadratic action S'^^' 
given by Eq. (j3.15p will dominate the sixth-order term. 
Then, the rescaling (|3.5I) and C = 7C with 

^ a ^ I |i/2 fo oo^ 



will bring the quadratic action (j3.15l) to the form, 

(^)'ca«c), (3.23) 
while the cubic action takes the form. 



1 



A 



{A) 

sc 
3 



2^i-2|cv,i')cc*'-2ra,c|c 



+3C ^C* 



where 



A' 



A 



(A) ^ 
SC — 



Mpi 
Ma 



,3/2 



(3.24) 



(3.25) 



Similar to those given in Eg. p.lSp . the are cubic 
terms of the forms fi{gs)C^d'^C and /2(5s)C^t^^Ci which 
are all finite in the limit ^ 0, so they are irrelevant to 
the strong coupling problem. 

Then, we find that the first and third terms in the 
right-hand side of Eq. p.23p are unchanged, under the 
rescaling. 



t^s'-'^t, x-^s'^x, C-^-s^/^C, 



(3.26) 



for which the first term in the right-hand side of the cubic 
action S''^' given by Ea. (|3.24p scales as s~^^^. Thus, this 
term is relevant and super-renoralizable. The second, 
third and fourth terms, on the other hand, are all scale 
as S"'^/^, so they are all irrelevant and non-renormalizable. 



Then, if we consider processes at the energy scale E, we 
find that / didP xC,C,*'^ ~ E'^/^, so that the second term in 
S^'^^ is suppressed by. 



A,~ 



\Ma 



|cvl 



(3.27) 



It can be shown that the third and fourth terms are sup- 
pressed by the same factor. Transforming it back to the 
{t, a;*)-coordinates, we find that the energy and momen- 
tum are suppressed, respectively, by 



A - ^ 
a 



'Mpi\c^\"^^ 



Ma 



Ma, 



A. = Ma. (3.28) 



Ma 



Then, the condition (|3.14l) implies that Ma ^ 

l^Ipi Ic^l'^^^j which, together with Eq. p.2ip . can be writ- 
ten as 



M,<Mpi\c^f^ . 



(3.29) 



If one takes the Minkowski spacetime as the legitimate 
background, as shown in [ll|, [2l[, it is not stable in the 
SVW setup, and one would require that the instability 
should not show up within the age of the universe. 



< 



(3.30) 



BPS found that this, together with the condition (|3.29l) . 
implies Af, < (100 m)~^ , or equivalent to 



2/5 
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-24 



(3.31) 



Clearly, this raises the fine-tuning problem, as a natural 
value of ^ in the UV is expected to be order of one [^] . It 
is unclear by which kind of mechanism it can be driven 
so closed to its relativistic value f = [13] (See also psj). 

Following [ll], it can be easily generalized the above 
studies to the de Sitter background, and similar conclu- 
sions will be obtained: (a) When > Kj. = Mpi jc^j^^^, 
the theory becomes strong coupling for processes with en- 
ergies E c:^ Ak [See Eg. (151^ ]. (b) When M, < A^, the 
strong coupling problem does not exist. However, if one 
considers the studies of perturbations given in Sec. II as 
in the current universe, namely, H = Hq, then the sta- 
bility condition is that of Eq. (12.341) , which is the same as 
Eg. (13. 301) . Hence, the results obtained above also apply 
to the de Sitter background with H = Hq. Therefore, 
it is concluded that the mechanism, M* < Afc, of solv- 
ing the strong coupling problem invented in fS^, ISll] for 
the HL theory without projectability condition, cannot be 
applied to the case with projectability condition. 

Thus, in the SVW setup one may choose the de Sitter 
spacetime as its legitimate background in order to avoid 



10 



the instability problem. In order to have a reasonable 
UV cutoff scale , where now must satisfy the con- 
ditions, 

Mpilc^l'/' <M, < (3.32) 

its IR limit has to be very closed to, if not precisely at, 
the GR fixed point. Of course, with such a choice, the 
theory is strong coupling. This will not be a problem, if 
the relativistic limit can be obtained after the non-linear 
effects are taken into account. In the spherically symmet- 
ric, static, vacuum spacetimes, Mukohyama showed that 
this is indeed the case In the following section, we 
shall present a class of exact solutions of the theory, from 
which one can show clearly that the relativistic limit ex- 
ists, and the limited spacetime is exactly the (rotating) 
de Sitter spacetime of GR. 

IV. NON-PERTURBATIVE COSMOLOGICAL 
SOLUTIONS 

In the DGP model of branes [i^l , Newtonian approx- 
imations lead to a Friedmann equation with a constant 
G that is different from the Newtonian constant G by a 
factor 4/3 [i^, while the non-perturbative equation in 
the flat FRW universe with zero-cosmological constant 
takes the form. 



where rric is the graviton mass |44| . Clearly, when 
nic — >■ 0, it reduces precisely to the Friedmann equa- 
tion in GR. This shows clearly that the spin-0 massive 
graviton decouples, when the non-linear effects are taken 
into account, and, as a result, the theory smoothly passes 
over to the GR limit. 

In this section, we shall show that the same happens 
here in the SVW setup, too. That is, when we do the 
linear perturbations of the de Sitter background, we have 
the strong coupling problem, as shown explicitly in the 
last section. But, the exactly solutions of the theory have 
a smoothy GR limit. As a matter of fact, this can already 
be seen clearly if one simply looks at the corresponding 
Friedmann equation , 

/ 3 \ o SttG 1 . , , 

P+3A. (4.1) 

(The other independent equation is the well-known con- 
servation law of ener gy a nd momentum, p + SH{p + p) = 
0. For detail, see [lll.ll3l[2lj|.) From the above expression 
we can see that replacing G in all the solutions obtained 
in GR by G = G/(l - 3^/2), we shall obtain aU the cos- 
mological (flat) solutions in the HL theory. 

In the following, we shall go a little bit further, and 
show that this is true also in the sense of non-linear per- 
turbations of the de Sitter spacetime. Let us first note 



that, once nonlinear effects are taken into account, the 
separation of scalar, vector and tensor become impossi- 
ble. This is well-known in GR when we consider second- 
order perturbations, where all the sectors of the first- 
order perturbations become the sources of the second- 
order ones 50]. Taking these into account, let us consider 
the non-perturbative solutions of the type, 

N ^ 0(77), Ni^a^{ij)n,{t,x), 
g.,, = a\i^)e-^^^'--^5.,,. (4.2) 

After simple but tedious calculations [cf. Appendix A], 
we find the following exact solutions of the corresponding 
HL equations with a non-zero cosmological constant A, 

^ 3(2- 30 1 

%p = Vo, ni=na{-y,x,Q) , (4.3) 

where ip^ and no are two integration constants. Without 
loss of generality, one can set t/iq = by rescaling of the 
coordinates a;* (and redefinition of the constant np). The 
constant ng, on the other hand, represents the rotation of 
the spacetime, and cannot be gauged away, as can be seen 
from the following analysis. If one considers the rotation 
as perturbations, one can see that it corresponds to the 
sum of infinitely high order perturbation terms, some of 
which will become singular in the limit ^ — 0, as it is 
expected from the analysis given in the last section. But, 
the analytical solutions themselves indeed have a finite 
and smoothy limit, ^ — 0, as one can see from Eq. (|4.3p . 
In particular, when f = 0, the above solutions reduce 
to a rotating de Sitter spacetime. In fact, introducing 
the cylindrical coordinates r and 9 via the relations x — 
r cos {6) and y — r sin (0), we find that the metric can be 
written in the form, 

+ ((i^ + nod?y)'}, (4.4) 

with H = y'3/A, and no represents the angular velocity 
of the rotation. 



V. CONCLUSIONS 

In this paper, we have considered two different issues 
raised recently in the studies of the HL theory, the sta- 
bility of background spacetime and strong coupling, by 
paying main attention on the SVW setup |2l|, which rep- 
resents the most general HL theory with projectability 
condition. Although the Minkowski spacetime is not sta- 
ble in such a setup, the de Sitter spacetime is, due to 
two different kinds of effects: one is from the high-order 
derivatives of the spacetime curvature, and the other is 
from the exponential expansion of the de Sitter space. 
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By combining these effects properly, one can make the in- 
stability found in the Minkowski background never raise 
even for small-scale modes. The condition is simply that 
of Eq. (|2.29l) , from which we can see that if the IR limit 
is sufficiently closed to the relativistic fixed point (i^ = 
or = 0), it can be satisfied. In particular, at the fixed 
point, all the modes become stabilized. 

To stabilize the massless spin-0 graviton, another way 
is to invoke a Higgs-like mechanism to give it a mass term, 
in the effective action [2^. Massive gravity in 
4-dimensional spacetimes have been intensively studied 
recently, see, for example, [i^ and references therein). 
Then, it can be shown that the equation for the met- 
ric perturbation ipk in the Minkowski background reads, 
"i/jfe -\- ur^il^k — 0, but now with 



|C0| 



^6 

TTJ + TTt)- (5-1) 



Ml 



Clearly, if ra^ is large enough, tuf. is always non-negative 
for any given k. It is not difficult to show that such a 
condition is 



> 



(VsTr* + r2) ^'"^ (r4 + r2 + 6) 



1/2 ' 



(5.2) 

from which we find that •m^{r ^ 1) ~ Mb- 

The strong coupling problem has been also investi- 
gated, and found that it cannot be solved by the Blas- 
Pujolas-Sibiryakov mechanism, initially designed for the 
case without projectability condition. Strong coupling 
itself is not a problem, but an indication that the lin- 
ear perturbations are broken when energies involved in 
processes of interest are higher than the strong coupling 
energy. Then, nonlinear effects are needed to be taken 
into account. If the relativistic limit (or very closed to it) 
can be obtained in the IR, after the non-linear effects are 
taken into account, the theory is still viable. Two typical 
examples are the massive gravity [391] and the DGP brane 
model [il], although the physics behind of them is dif- 
ferent [See Footnote 1 given in the Introduction] . In this 
paper, we have constructed a class of non-perturbative 
cosmological solutions in the SVW setup, and shown ex- 
plicitly that it reduces smoothly to the rotating de Sit- 
ter spacetime. This can be considered as a cosmological 
generalization of the spherical case studied recently by 
Mukohyama [ioj . 
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VI. APPENDIX A: NON-LINEAR 
COSMOLOGICAL PERTURBATIONS 

In this Appendix, we present some basic expressions 
that are useful for the studies of the non-linear cosmo- 
logical perturbations, given by 

g,, = a'irj)e-'^^^^'-^6,,. (A.l) 

For the sake of simplicity, we set c = 1. Then, we find 
that 



K 



Rij — 



— (3e-2'^(7/'' - H) - riki;'" + ^^lk) , 



R 



(A.2) 



where fi(ij) = {nij + nj^i)/2. Then, we obtain that 



^{3(l-3A)e-^(^'-H)^ 

-2(1 - 3A)e-2'A(0' _ n) (uki^'" - d'^Uk) 
+n(k,i) (rt*''''^ + 2n'=^^^' -|- 2n'V'''') 
+2nfcnV,iV'''-A(a'^nfc)'}, (A.3) 

+0fc,(0''='+2V'^V'O}' 



(A.4) 



p4^ r ■ 



+&{d^^f(d^i^-2{di^f) 

+ (5^)^(992^-- 2(50)'), 



(A.5) 



and 



061/. 



(V,i?,fc)(V^i?^'=) = -f 3GfcG 

+ 4F* + 2^;) -I- 2G' (P^k^ + 2F.A, 



(A.6) 
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where and F* = S Fk, etc. 

/ ' ' 2\ / 2\ With these expressions, one can write down the Hamil- 

Gj = (d'^ip— [dif] j +2(9^V— {d'if) )'4',ii tonian and momentum constraints, and the dynamical 

equations given in (ill, [isj. which are too comphcated to 
F, = -(V'';^ + '5-'(5^)')V',fc, (A.7) provide here. 
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